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It is demonstrated that two distant quantum wells separated by a reservoir with a continuous 
spectrum can possess bound eigenstates embedded in the continuum. These represent a linear 
superposition of quantum states localized in the wells. We show that such a state can be isolated 
in the course of free evolution from any initial state by a null-result measurement in the reservoir. 
The latter might not be necessary in the many-body case. The resulting superposition is regulated 
by ratio of couplings between the wells and the reservoir. In particular, one can lock the system in 
one of the wells by enhancing this ratio. By tuning parameters of the quantum wells, many-body 
entangled states in distant wells can be produced through interactions and statistics. 

PACS numbers: 03.65.Yz, 42.50.-p, 73.23.-b 
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I. INTRODUCTION 

Quantum coherence and entanglement are basic prop- 
erties of quantum systems that play a crucial role in many 
phenomena, in particular in those related to quantum 
information and quantum computingA. These proper- 
ties, however, are usually destroyed by the environment 2 . 
This can happen because of coupling of the quantum sys- 
tems to infinite reservoirs that generates random fluctu- 
ations of the system parameters or direct leakage (decay) 
to the reservoirs. 

Recent works indicate, however, that under certain 
conditions the environment may endorse the creation 
of entanglement between two physical systems, like two 
spins or two oscillators 3 - - — . In this paper we pronounce 
a positive role of the environment in quantum coherence 
and entanglement even more. We demonstrate that it can 
drive the system to a stable superposition of spatially sep- 
arated quantum states. Moreover such a superposition 
can be controlled by varying the system's parameters. 

Consider for instance a particle in a quantum double- 
well. It is well-known that if the particle is prepared in 
one of the wells it displays Rabi oscillations between the 
wells. The question is what will happen if the wells are 
coupled not directly but through a reservoir possessing a 
continuous spectrum, Fig.[TJ It is quite natural to expect 
that instead of Rabi oscillations one finds no more than 
the exponential decay of a particle to the reservoir. For 
this reason the dynamics of a quantum system inside two 
wells, separated by a reservoir, has not attracted much 
attention^ 

In this paper we demonstrate that, contrary to expec- 
tation, the system of quantum wells separated by, and 
coupled to, a continuum can reveal very peculiar proper- 
ties. For instance, one finds localized eigenstates embed- 
ded in the continuum. Moreover, in the case of aligned 
levels, Ei — Ei (Fig. [1]), the system evolves inexorably 
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FIG. 1: (color online) A particle in two quantum wells sep- 
arated by a reservoir. Ei,2 are the energy levels of the wells 
and Qir, (ffer) denote the couplings between the level i?i(2) 
and the level E r in the reservoir. 



to such a state. This means that at large times there is 
a finite probability of finding the system in a localized 
state inside the wells, even though the wells are well sep- 
arated. This state is a linear superposition of localized 
states in different wells. If E\ ^ E2, but their difference 
is smaller than the level width, the system decays to the 
continuum in the end. During its evolution, however, the 
system spends time in the superposition state inside the 
wells and the lifetime of this state can be very long. 

The same phenomenon takes place in the many-body 
case, displaying additional features. These are the result 
of particle statistics and of particle interactions. At large 
times one can find the many-particle system in linear su- 
perpositions of states inside the distant wells, which are 
entangled. The most important properties of such sys- 
tems is that the superposition and entanglement can be 
controlled by changing the wells' parameters, such as the 
energy levels and their coupling with the reservoir. This 
can make these systems very useful for development of 
new quantum devices and their applications for quantum 
information and quantum computing. 

The plan of this paper is as follows: In Sec. [TT| we in- 
vestigate one-particle dynamics in two wells separated 
by a reservoir. We demonstrate the appearance of stable 
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states localized inside the wells. In Sec. IIIII we introduce 
the optimal basis for the two-well states by a unitary 
transformation (resulting in "dark" states) whereby the 
problem is greatly simplified. In this basis the mecha- 
nism for appearance of isolated, localized states in the 
continuum can be easily understood. Also the extension 
to the many-body case is immediate, including in par- 
ticular the effects of the Pauli principle and of particle 
interaction. The many body case is discussed separately 
for fermions in Sec. [TV] and for bosons in Sec. El The last 
section is a summary and discussion. 



II. PARTICLE IN QUANTUM WELLS 
ATTACHED TO RESERVOIR 



Consider a single particle in two quantum wells sep- 
arated by a reservoir, Fig. [TJ Such a system can be 
realized, for instance, by an electron (fermion) in two 
quantum dots or by a photon (boson) in two separated 
quantum cavities. We consider a spinless electron. We 
assume that each of the dots contains only one level (E 1 
and E 2 ), whereas the reservoir states, E r7 are very dense. 
The system can be described by the following tunneling 
Hamiltonian, 



H =E 1 a\a 1 + E 2 a 2 a 2 + E r a 



(1) 



Here a l2 and a r are annihilation operators of an electron 
in the quantum dots or in the reservoir. In the absence of 
a magnetic field, the couplings il lr and fl 2r are real, but 
they can be of opposite sign, depending on the relative 
parity of the states E\ 2 in the quantum dots. 

The wave function of an electron in this system can be 
written in the most general way as 
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'(*)) = [b x {t)a\ + b 2 (t)4 + ]T b r (t)4] |0> , (2) 

r 

where b\, 2 {t) and b r (t) are the probability amplitudes 
of finding the electron in the dots or in the reservoir, 
respectively. These amplitudes are obtained from the 
Schrodinger equation idt\^(t)) — H\^f(t)). For its solu- 
tion it is useful to apply the Laplace transform, |^(i)) — > 
|#(J5)) = \V(t))exp(iEt)dE. Then the time depen- 
dent Schrodinger equation becomes the algebraic equa- 
tion 

(E-H)\*(E))=i\9(0)) (3) 
It can be written explicitly as 

{E-E^hiE) -J2n lr b r {E) =ibi(0) (4a) 

r 

(E - E 2 )b 2 {E) - n 2r b r {E) = ib 2 (0) (4b) 

r 

(E - E r )b r {E) - Q lr b-i(E) - n 2r b 2 (E) = ib r (0) (4c) 



The r.h.s. of Eqs. (j4]) corresponds to the initial condi- 
tions. 

Let us assume that the electron is initially localized 
inside the dots, 



|*(0)) = C 1 a t 1 |0)+C 2 4|0) 



(5) 



where \d\ 2 + |C 2 | 2 = 1. Then solving Eq. gcj for b r (E) 
and substituting the result into Eqs. (|4a|) . (|4bj) we obtain 




E — E r 



(6b) 



Since the levels in the reservoir are very dense, we can 
replace J2 r I p(E r )dE r , where p(E r ) is the density of 
states, and il r —> fl(E r ). Therefore we can evaluate the 
sums in Eqs. ((6|) as 



E 



E — E r 



E — E r 



p(E r )dE r =F jj ,(E), 
(7) 



where — 1,2. As a result, Eqs. ((U can be rewritten 
as 

[E-Ex- Fu{E)] ~bx{E) - T 12 (E)b 2 (E) = %C X (8a) 
[E-E 2 - T 22 (E)] b 2 (E) - T 12 (E)h(E) = iC 2 (8b) 

Solving these equations we find the amplitudes bi j2 (E). 
The corresponding time-dependent amplitudes bi, 2 (t) are 
obtained from the inverse Laplace transform, 



b{E)e 



-iEt 



dE 



(9) 



This is an exact solution of the problem. 

Let us assume that the density of states and the tun- 
neling couplings are weakly dependent on energy, so 
that they are taken as constants, Q.j(E r ) — » Qj and 
p(E r ) — > p. Then for the large cut-off, A — > oo, we 
obtain 



(10) 
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where Tj = 2-K^p is the width of the level Ej and rj 

= ±1 is the relative parity (number of 
nodes) of the dot states^. 

Now we apply the inverse Laplace transform ((9|) to 
Eqs. (|5J|. Since the coefficients Tjf, Eq. (ITU)) , are inde- 
pendent of E, Eqs. ([5]) are transformed to the following 
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linear equations for the amplitudes 6i j2 (t), 



'M/>= ( - i y) h(t) - iry 12 ^^6 2 (t) (11a) 



ib 2 (t) = (e 2 - b 2 (t) - i^^p-hit) (lib) 

Note that Ci, 2 cxp(-iEt)dE = 2i:5{t) = 0, since 
t > in the inverse Laplace transform. 

Using these amplitudes, we can evaluate the (reduced) 
density-matrix, a^y (t) , defined as 

cru(i) = |foiW| 2 , 0-22 (t) = |& 2 (i)| 2 , o-ia(t) = 6i(t)65(t) 
^oo(i) = ]T l^(*)! 2 = 1 - ai1 (*) - °*»(*) ' ( 12 ) 

r 

where ooo(i) is the probability of finding the electron in 
the reservoir. 

Multiplying Eqs. (|TTj) by b\ 2 (t) and subtracting its 
complex conjugate, one can easily transform these equa- 
tions to the following master equations for Ojji(t), 



o"n(<) = - r i°"ii(<) ~ Vu — z—Wuit) + a 2\ (*)] (13a) 



VT1T2 

<7 22 (t) = -r 2 CT 22 (<) - r? 12 — - — [a 12 (i) + a 21 (t)\ (13b) 



<7 12 (i) = i(E 2 - E x )a 12 (t) - r] 12 — - — [cr n (i) + o 22 (i)] 



2 

ri + r 2 



a 12 (t) (13c) 



Similar equations have been considered in the literature 
for describing electron transport through two dots in se- 
quence, separated by a reservoir—, or through parallel 
dotsSi. 

Consider now the symmetric case, Ti = T 2 — T and 
rj 12 = 1. Then solving Eqs. (fT3"|) with the initial condi- 
tions CTn(O) = 1 and 022(0) = 0-12(0) = we find that 



022 (t) = 



r 2 cosh 2 (wi/ 2 ) - £ 2 -rt 



r 2 sinh 2 (wi/2) _ ri 



ie[l — cosh(ojt)] + to sinh(u;t) 



r e 



-r< 



(14a) 
(14b) 
(14c) 



where e — E\ — E 2 and ui — y/T 2 — e 2 . 

It follows from Eqs. ([14")) that, as expected, the prob- 
ability of finding the electron in the dots vanishes in 
the asymptotic limit, crjf(t) — > as e -( r -vT 2 -H) t f or 
any e 7^ 0. If e = 0, however, then on(i) — > 1/4, 
0-22^) -> 1/4 and cr 12 (t) -> -1/4 for i -> 00. Therefore 
one finds the electron localized in a linear superposition 
inside the dots with probability 1/2, despite the coupling 
of this state to the continuous spectrum of the reservoir. 

The non-analyticity of the density matrix as a function 
of e appears only in the asymptotic limit. At any finite 



t the density matrix is an analytic function of s. Indeed, 
the probability of finding the electron inside the dots at 
finite t is not zero, although it is negligibly small for 
large t. However, the dwell-time of the electron inside the 
dots (t) grows as e decreases. By expanding the slowest 
exponent in Eqs. (|14l) in powers e/T one easily finds that 
r ~ 2r/e 2 . Thus the electron occupies the dots for a long 
time when e < T. This dwell-time diverges when e — > 0. 
Such an unexpected localization effect in a continuous 
spectrum is a manifestation of quantum interference. As 
we shall see, this can be understood in a much more 
transparent way if we use a different basis for the electron 
states in the two dots. 



III. OPTIMAL BASIS 

Consider a unitary transformation from the dot states 
to a different basis, a[ 2 \0) — > c\ 2 \0), where 



a x = cos a c x + sin a c 2 
a 2 = — sin a c Y + cos a c 2 



(15a) 
(15b) 



In this new basis the Hamiltonian (fTJ) reads 



H = E'i^Ci + E 2 c\c 2 + —e sin 2a (c\c 2 + cJc-l) 
+ Y E ra\a r + ^(g^l^ + g 2 a\c 2 + H.c.) , (16) 

r 7" 

where E[ 2 = E 1 2 cos 2 a + E 2 1 sin 2 a and 



g 1 = fix cos a — n 2 sin a 
g 2 sin a + J7 2 cos a 



(17a) 
(17b) 



Let us choose the new basis such that one of the states 
c| 2 |0) is decoupled from the reservoir— ("dark" state). 
This can be realized for tana = f2i/i7 2 , resulting in 
gi — 0. Then one finds from Eq. (|16l) that the original 
separated-dot system, Fig. [lj is mapped to a double-dot 
system coupled to one reservoir, Fig. [21 where the inter- 
dot coupling between the states c\ 2 |0) is given by 



9l2 



rji« 2 



(18) 



Thus in the case of aligned levels, e = 0, the inter-dot 
coupling vanishes, g 12 = 0, leading to total decoupling 
of the state c\\0) from the reservoir, similar to a dark 
state in quantum optics and atomic physics (see for in- 
stance Ref. [Toh . Therefore this state, which is a linear 
superposition in the original basis, 



c\\0) = (cos a a 



sm a a.j 



l|0> 



(19) 



where cos a = 2 / + Q 2 , survives in the asymptotic 
limit t — y 00 with probability P = | (0|c 1 \E f (0)> | 2 . 
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FIG. 2: (color online) Double-dot system corresponding to 
the Hamiltonian (|16|) . representing the separated dots in the 
new basis, c\ 2 10). 



On the other hand, the state <4|0) decays to the reser- 
voir with a rate 



r 2 = 2tt 9 2 2 p = r 1 + r 2 



(20) 



The probability of finding the electron in the reservoir 
at t -> 00 is therefore P 1 = | (0|c 2 W(0)) | 2 = 1 - P . For 
the initial condition corresponding to the electron in the 
linear superposition of the two-dot states, Eq. ([5]), we 
obtain^ 



Po 



\C1V12VV - c 2 \ 

l + y 



Pi 



|Ci +C 2 ? 7i2v / y| 



1 



y 



(21) 



where y = T2/T1. 

It follows from Eq. (f2~Tj) that if the electron is initially 
in the superposition ([T9| . i.e. C\ — t\\2\/vI + V an d 
C 2 = — 1/yl + y, the probability of finding it in the 
reservoir at t — > 00 is Pi =0. Thus the state c\\0) 
offers a striking example of a bound state embedded in 
the continuum^, which has not been discussed in the 
literature to our knowledge. 

In fact, in order to prepare such a bound state embed- 
ded in the continuum we do not need any special initial 
conditions. One can start with any initial condition, for 
instance, placing an electron in one of the dots in Fig. [T] 
Then by selecting states where no electrons are found in 
the reservoir (a "null measurement") for t l/r' 2 , we 
project the system to the state (fTT))) . 

Consider now the electron density matrix Eq. (1121) in 
the asymptotic limit, a^y = o~jjt(t — > 00). For the initial 
conditions corresponding to having the left-hand dot in 
Fig. [U occupied, one easily obtains from Eqs. (fT9j) . ([21"]) 



y 



y 



(1 + y) 2 



'22 



.3/2 



(1 + y) 2 ' 
1 



'12 



(1 + y) 2 



l + y 



(22) 



It follows from these expressions that one can influence 
the occupation of the dots in the asymptotic limit by 
varying the barriers' penetrability. For instance, the oc- 
cupation of the left dot, £7 n , increases with y, so that 
a xl — > 1 (and respectively a 00 — > 0) when y — > 00. This 



tells us that, contrary to expectation, localization of the 
electron increases when the right barrier becomes more 
transparent. It resembles the increase of dwell time of a 
two-level system coupled to the continuum when the cou- 
pling to the continuum is increase d 12 i 13 . Here, however 
the phenomenon is more surprising, since the dots are far 
from each other and the localization time is infinite. 

It follows from Eq. (TTS)) that the state c\\0) is not iso- 
lated if e ^ 0. In this case the electron eventually decays 
to the reservoir. Nevertheless, its dwell time r inside the 
dots can be very large for small e ^ 0. It corresponds 
to the decay time for an electron placed in the inner dot 
of Fig. [2j This quantity can be easily evaluated by using 
the results of Refs. [HHl. 

One finds for the electron 
initially localized in the left-hand dot of Fig. [TJ 



r 2 r^i + y) 3 



4^ 2 



(23) 



Therefore, in the non-symmetric case y ^ 1, the dwell 
time increases as y 1 for large y or as 1/y for small y. This 
implies that the localization of an electron inside the dots 
is more pronounced for the asymmetric case and there- 
fore it does not require a precise tuning of the levels as in 
the symmetric case y = 1. This is demonstrated in Fig. [31 
where the time-dependence of the occupation probabili- 
ties given by Eqs. (TT4]) is shown for several choices of e 
and y. 
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FIG. 3: (color online) Occupation probabilities of the first 
and the second dots of Fig. [T] ern(t) and o"22(£), as a function 
of time for (a) y = 1 (symmetric dots) and (b) y — 10 (asym- 
metric dots). Dashed lines correspond to e = and solid lines 
to s/Ti = 0.1. 

We have shown that the asymptotic state of a quantum 
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particle in separated wells can be analyzed without any 
detailed calculations such as those in Sec. [IT] All we need 
is the unitary transformation (fTSj) of the Hamiltonian (JTJ , 
leading to a dark state — the optimal basis. The possibil- 
ity of performing such a transformation is not restricted 
by the assumptions made in Sec. HI regarding the reser- 
voir spectrum and the energy dependence of the coupling 
amplitudes. One needs only that the couplings f^^y m 
the Hamiltonian (UJ satisfy the following condition: 



^2r 



y/y = const. (24) 
Then our results remain largely unchanged. 

IV. MANY-ELECTRON CASE 

Now we are going to analyze many-body localized 
states separated by a continuum. We use the same opti- 
mal basis, which greatly simplifies the treatment also in 
this case and makes it transparent. 



A. Two electrons in separated dots 

Consider first two spinless electrons inside the sepa- 
rated dots in Fig. [JJ We neglect the electron-electron in- 
teraction between the dots due to their large separation. 
Also, we do not need to include explicitly the intra-dot 
electron-electron interaction since two spinless electrons 
cannot occupy the same dot. Therefore we can describe 
the entire system by the same non-interacting Hamilto- 
nian (UJ that we used before. 

The initial wave function of two electrons occupying 
the two dots can only be |^(0)) = a|aj|0). Let us rewrite 
it in the rotated basis, Eq. (TTSl) . We obtain 



|<Jr(0)) = (cosacj 



10} • 



sin a c. 



t)(- 



sin a c\ + cos a c. 



L l c 2 



I) 

(25) 



Thus both wells in Fig. [2] are initially occupied. Consider 
the case of aligned levels, e = 0. In this case the left well 
in Fig. [2] is decoupled from the right well. Then the 
asymptotic state of the entire system can be easily deter- 
mined: the state c 2 |0) decays to the continuum, whereas 
the state c\\0) remains in the left well as t — >■ oo. Thus the 
final state of the system corresponds to one electron in 
the continuum and the second electron inside the dots in 
the linear superposition (|T9"|) . The corresponding density 



matrix in the asymptotic limit, &jp> where m = 0, 1,2 
denotes the number of electrons in the reservoir, is given 
by 



V 



1 



i 



y 



(26) 



Note that, in contrast with Eq. (|22|) . the asymptotic 
probability of finding one electron inside the two dots 
is one. Thus the bound state in the continuum can be 
prepared without any selective measurements — one needs 
only full initial occupation of the separated dots. Then 
the Schrodinger evolution alone drives the system to the 
asymptotic state with one of the electrons localized inside 
the distant quantum dots. 



B. Parallel dots separated by the reservoir 

In order to realize a controlled entangled state of two 
interacting electrons, we consider the generic setup shown 
in Fig.|H It represents two pairs of parallel dots separated 
by a common reservoir, where two spinless electrons oc- 
cupying the parallel dots can stay in close proximity. For 
simplicity we assume that that fi^/fii = f2' 2 /r2 2 = y' ■ 
The Hamiltonian describing the entire system can be 
written as 

H = E 1 (a\a 1 + a^a'ij + E 2 (a\a 2 + a 2 a 2 ) + ~S~\E r a\.a r 



^2[fl 1 al(a 1 + y'a[) + fi 2 <4( a 2 

r 



y'a' 2 ) 



H.c] 



(27) 

Here a[ 2 are the annihilation operators of electrons in the 
upper quantum dots, whereas a 1 2 refer to the lower dots. 
The last term describes the Coulomb repulsion between 
two electrons in parallel dots. 



FIG. 4: (color online) Two electrons in parallel quantum dots 
separated by a common reservoir. 

We first apply the unitary transformation (TT5]) to the 
left and the right parallel dots, 

(28a) 
(28b) 



• = cos j3 dj + sin d'j 



sin p dj + cos (3 d'j 



where cos/3 = y' / y/l + y' 2 and j — 1,2. In these vari- 
ables the Hamiltonian (|2~7T) reads 

H = E 1 (n 1 + rii) + E 2 (n 2 + n' 2 ) + [/(n^n^ + n 2 n' 2 ) 

+ E r a\a r + J2 V^ + y' 2 (^i4d'i + ^ 2 44 + H.c.) 

r r 

(29) 



6 



where rij — dj dj and n'j — d'j dj . Note that the electron- 
electron interaction term is invariant under the unitary 



transformation (|28|). 

It follows from Eq. (|2l?)) that the states 4 2!°) are 
decoupled from the reservoir, so the operator rij com- 
mutes with the Hamiltonian. As a result n„ can be re- 



placed by its eigenvalue, n ? 



0, 1, correspond- 



ing to the initial state of the system. Then the problem 
becomes equivalent to that of one electron in the sepa- 
rated dots, Fig. [U described by the Hamiltonian (1]), with 
Ej — s- Ej +U fij and q ? - — > dj . Thus the system described 
by the Hamiltonian (|2"7)) is mapped to two coupled-dot 
systems, separated by the reservoir, where the outer dots 
are decoupled from the inner dots, as shown in Fig. [5] 



Q., 



CI, 



FIG. 5: (color online) Coupled-dot system represented by 
the Hamiltonian (|29[l in the rotated basis l]28[). The two 
outermost dots are decoupled from the inner dots, 2 = 
" /2 ^i,2 are the couplings of the inner dots with the 



reservoir. 



Consider for instance the time-evolution of two elec- 
trons occupying the two dots on the left in Fig. [4] at 
t = 0. The initial state wave function is (cf. Eq. (|25t ). 



\*(0)) = aW\0)=4d?\0) 



(30) 



This corresponds to having the left dots in Fig. [5] occu- 
pied. Then, if _E 2 ^ E\ + U, the electron in the inner 
dot decays to the continuum. As a result, in the asymp- 
totic state we find one electron in the linear superposi- 
tion d\\0) = {1/^1 + y l2 ){y'a{- 4 t )|0). If, however, we 
tune the energy levels such that E% = Ei + U, then both 
electrons can be found inside the dots in the superposi- 
tion + y 2 )d\(yd' 1 f - 4 f )|0) (cf. Eq. (19])), with 
probability r 2 /(Ti + T 2 ) as in Eq. ([2"T]). This example 
represents a multi-electron bound state embedded in the 
continuum in the case with electron-electron interaction. 
This can be reached be selecting states where no electrons 
are found in the reservoir, similar to a previous case of 
one electron in two separated wells. 

Again the superposition state of two electrons can be 
regulated by varying the dots' parameters, y and y' . For 
instance, if y = y' = 1 this asymptotic state reads 



l* 2 (*- 



(31) 



This cannot be written as a product of single particle dis- 
tribution, and therefore it represents an entangled state. 
However, in the limit where (y or y') < 1, or > 1 this 



state becomes a product, so that the entanglement dis- 
appears. 



C. Multi-electron entangled states in parallel dots 

Let us consider four electron in the parallel dots, Fig. 2] 
The initial wave function can be written 



l*(0)> 



44M4 f l 



d\d'Jd\d'J\Q) (32) 



That means thai in the new basis, Eq. (12811 . each of the 
wells is filled by the electron, Fig. \5\ Then the problem 
is reduced to that of two electrons in the separated dots, 
Eqs. (|2"5|) . (|2"BT) . The final state asymptotic state corre- 
sponds to one electron in the reservoir whereas the other 
three electrons are inside the dots in the state 

|* 3 (* -> oo)) = dlfasad'J - smad'J)dl\0) 

{ya\a^dl +44*4)1°) > ( 33 ) 



where 



n,2 



—===(y' 4,2 - a 'i,2) 

v l + y 



(34) 



Equation (1331) describes 3-body entangled state, which 
is regulated by two parameters, y and y' . Let us take for 
instance y = y' = 1. Then 

%(t -»• oo) = i [44 f (4 - 4 + ) + 44 f (4 - 4 f )] |o) , 

(35) 

This state entangles two electrons occupying one pair of 
the dots with the third electron in the linear superpo- 
sition of the second pair of dots, Fig. |4j Note that the 
Pauli principle plays an important role in this entangle- 
ment state by preventing occupation of the same state 
by two electrons. (Indeed the particle indistinguisha- 
bility can create entanglement even in the absence of 
interaction^). As in the case of two electron in two sep- 
arated dots, Sec. IIVI A. this state is reached in the course 
of Schrodinger evolution, without any selective measure- 
ments in the final state. The same as in the previous 
case, the state (|3"3"]l becomes a product (no entanglement) 
when y or y' <C 1, or 3> 1. 



V. MANY-BOSON STATES 

Obviously, the above results for one fermion (electron) 
in separated wells remain valid if a fermion is replaced 
by a boson. The difference appears in the case of many- 
bosons. Consider for instance two bosons, each one oc- 
cupying different dots in Fig. Q] The wave function de- 
scribing the the initial state looks the same as for two 
electrons, 1^(0)) = 44l°)> where a\ 2 are the boson 
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creation operators. Applying the unitary transformation 
Eq. (|15p we rewrite the initial-state wave function as 



*(0)) = [sinacosa(c^ - c| 2 ) + cos2ac}4]|0) , (36) 



J J] 



It is different from Eq. (|25|) for two electrons, which can- 
not occupy the same state. 

As in the previous case, the state c 2 |0) decays to con- 
tinuum, Fig. [2] Thus the probabilities P m of finding m 
bosons in the reservoir at t — ¥ oo are: 



Po = P 2 



2/7 



(i + y) 2 



Pi 



(i - yf 



(37) 



The bosons inside the wells are in the state c\\Q) with 
one boson emitted, or in the state :^|f c i |0) if no bosons 
are emitted. The latter can be rewritten in the initial 
basis a\ 2 |0), Fig. Q] as 



; (y|2,0)- v^|l,l) + |0,2)), 



(38) 



where |2,0) and |0,2) denote the states -^=aj^|0) corre- 
sponding to two bosons in the left (right) well, and |1, 1) 
denotes the state aja^O) corresponding to one boson in 
each well. The probabilities for these states are respec- 
tively, ?/7(l + y) 2 , 1/(1 + y) 2 and 2y/(l + y) 2 . 

The distributions P m , given by Eq. (|3"T)l are drastically 
different from the case of two fermions occupying the 
dots. In particular, for identical dots, y = 1, one finds 
that Pi — 0. Therefore in this case one boson cannot be 
emitted to continuum. However, for asymmetric dots in 
the limit of y — > or y — > oo the asymptotic distributions 
are the same as in the case of two fermions: one boson is 
emitted to the reservoir and the another one is localized 
in one of the dots. 

In general case with the initial state corresponding to 
Ni occupying the left well and N 2 bosons occupying the 
right well in Fig. [TJ the wave function is 



l*(0)) 



1 



a t JVl 4 Ar2 |0)EE|7V 1 ,iV 2 ). (39) 



Using the unitary transformation Eq. (|15|) with cos a = 
y/\/l + y 2 we obtain 

,,,0,) . ' (#^<=i±A > 



(l + y) N ^ 2 {l + y) N ^ 2 



(40) 



Consider first the case where all electrons are initially 
in the left well, Ni = N and N 2 = 0. Then Eq. flM]) can 
be rewritten as 



N 



l*(0)> = E 7T 



(N-m)/2 



(l + y) N / 2 {N-m)\m\ 1 



J(N-m) ]m 



10) 
(41) 



Each term of this sum represents a product of the state 

1 J (N- 



. 10) for N — m bosons in the left (inner) 

y/{N- m y. 21/ \ ) 

well of Fig. [5] and the state -i=c2 |0) for m bosons in 



the right (outer) well. The latter decays to the reservoir, 
Fig. [21 and the former remains inside the dots. Therefore 
the probability of finding m bosons in the reservoir is 



,N—m 



p — 

1 m — 



2 N +iy N 



(l + y) N (N - m)\m\ 



{N-1m.y 

ze 2N 



(42) 



It represents a binomial distribution P p (m\N) where p = 
1/(1 + y). In the strongly asymmetric case, y — > 00, the 
probability of finding bosons in the reservoir vanishes, 
whereas N bosons remain localized in their initial state. 

If the bosons are equally distributed between two wells, 
Nt = N2 = N and the wells are identical, y = 1, we 
obtain from Eq. (|4T)j) 



|4.(0)) = 



1 



2 N NI 

N 



(a 



12 
2 



-!Ylo> 



(-1 



,JV-r 



■4 2(JV - m) 4 2ro |0) (43) 



^ 2 N (N ~m)\m 
m=l v ; 

It follows from this equation that only even number of 
bosons (2m) can be found in the reservoir at t — > 00 with 
probability 



P? 



1 



[2{N - m)]!(2m)! 
2 27V [(iV-m)!m!] 2 " n^/(N^mjm~ 



(44) 



where we have used the Sterling formula K\ ~ 
V2ttKK k exp(-K) to evaluate the factorials. It yields 
flat dependence on m in comparison with the previous 
case, Eq. (|42)) , when all boson are initially inside one of 
the dots. 

With respect to the remaining N = 2(N — m) bosons 
inside the wells, these are in the state 



1 



N\ 



|0) = 



1 



V2 N N\ 



E 



10} 



: \N-k,k) 



(45) 
(46) 



k J2 N {N-k)\k\ 



Therefore, the probability of finding k bosons in the 
left well is given by the binomial distribution Pi/ 2 (k\N) 
(Eq. 621). 



VI. SUMMARY 



In this paper we study behavior of particles (like pho- 
tons or electrons) in distant quantum wells separated by 
a common reservoir. Although an entire system possesses 
a continuum spectrum, we found there localized (bound) 
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states embedded in the continuum. These states repre- 
sent linear superposition of localized states inside distant 
wells and manifest large-scale quantum interference phe- 
nomenon. They also appear in the multi-particle case in 
the presence of interaction. 

It is quite remarkable that the bound states embedded 
in the continuum can be reached asymptotically through 
the unitary evolution from any initial state. Finally, 
these state can be selected out by a single null-result 
measurement in the reservoir, or even without such a se- 
lective measurement in many-particle case. One requires 
only precise alignment of the the energy-levels in differ- 
ent wells, amended by the interaction energy between 
the particles. If the energy-level alignment is not precise, 
but the error is smaller than the level width, the system 
still reaches the superposition state. However, it remains 
in this state only for a finite time, decaying eventually 
to the reservoir. Nevertheless, the corresponding dwell- 
time can be any long, providing that the ratio between 
the level misalignment and the level-width is arbitrary 
small. 

We found that the superposition is controlled by a rel- 
ative coupling between different wells and the reservoir. 
In particular, one can lock a particle in one of the wells by 
increasing the coupling of the second well with the reser- 
voir. This phenomenon resembles the Quantum Zeno ef- 
fect, although no continuous observation is involved. We 
also found that such an induced localization by a dis- 
tant empty well is less dependent on the level alignment. 
Therefore it is even more accessible to experimental re- 
alization than the superposition state in distant wells for 
a symmetric case. 

All our findings are based on the exact treatment of 
the problem without any weak coupling or Markovian 
approximations. The central point in our treatment is 
transition to a new basis containing a "dark" state. Then 
the entire problem becomes very transparent, so that the 



main features of the superposition state can be obtained 
straightforwardly without any detailed calculations. In 
fact, the very existence of the bound state imbedded in 
the continuum is relied upon the availability of such a ba- 
sis. This can be establish from general symmetry prop- 
erties of the Hamiltonian. These are not very restrictive, 
so that the stable superposition of distant states embed- 
ded in the continuum can be found in many different 
quantum systems. 

The optimal basis allows us to treat the many-body 
case of interacting particles without any essential com- 
plications. Then the localized superposition in distant 
well may include many particle state. These are usually 
in an entangled state that can be controlled by varying 
the wells parameters, as well. 

We expect that a peculiar controlled superposition of 
distant localized states can be realized in various quan- 
tum systems, like electrons in separated dots, cold atoms 
in distant traps and photons is quantum cavities. We can 
also anticipate a possible applicability of such systems to 
quantum computation as a source of many-particle dis- 
tant entangled state. 
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